Abstract. After introducing the Ogus realization of 1-motives we prove that it is a fully faithful functor. More precisely, following a framework introduced by Ogus, considering an enriched structure on the de Rham realization of 1-motives over a number field, we show that it yields a full functor by making use of an algebraicity theorem of Bost.
Introduction
The Ogus realization of motives over a number field is considered as an analogue of the Hodge realization over the complex numbers and the ℓ-adic realization over fields which are finitely generated over the prime field. The fullness of these realizations, along with the semi-simplicity of the essential image of pure motives, is a longstanding conjecture which implies the Grothendieck standard conjectures (e.g. see [1, §7.1] ).
The named conjecture on fullness is actually a theorem if we restrict to the category of abelian varieties up to isogenies regarded as the semi-simple abelian Q-linear category of pure 1-motives (e.g. see [1, Prop. 4 .3.4.1 & Thm. 7.1.7.5]). A natural task is then to extend this theorem to mixed 1-motives up to isogenies. For the Hodge realization this goes through Deligne's result on the algebraicity of the effective mixed polarizable Hodge structures of level ≤ 1 (see [15, §10.1.3] ). For the ℓ-adic realization, the fullness follows from the Tate conjectures for abelian varieties (proven by Faltings) and the fullness for 1-motives is proven by Jannsen (see [18, §4] ).
The main task of this paper is to show that there is a suitable version of Ogus realization for 1-motives such that the fullness can be achieved: this is Theorem 3.3.5 below. This result for abelian varieties relies on a theorem of Bost as explained by André (see [1, §7.4.2] ). For pure 0-motives is our Lemma 3.3.4. However, in the mixed case, our theorem doesn't follow directly from Bost's theorem nor André's arguments (see Example 3.3.6).
For a number field K, recall that the Ogus category Og(K) is the Q-linear abelian category whose objects are finite dimensional K-vector spaces V such that the v-adic completion V v is endowed, for almost every unramified place v of K, of a bijective semilinear endomorphism F v . Actually, we here introduce an enriched version of the Ogus category denoted by FOg(K) whose objects V ∈ Og(K) are endowed with an increasing finite exhaustive weight filtration W · V (see Section 1 for details). We provide a realization functor
where M 1,Q is the abelian Q-linear category of 1-motives up to isogenies (see Proposition 3.2.3). With the notation adopted below, this T Og (M K ) of a 1-motive M K (see Definition 3.2.1), is given by V := T dR (M K In the proof of the fullness of T Og for arbitrary 1-motives, with nontrivial discrete part, the main ingredient is the fact that the decomposition of V v as a sum of pure F -K v -isocrystals is realized geometrically via the p-adic logarithm (see Section 2, in particular Lemma 2.2.4, and the key Lemma 3.3.1).
Note that the essential image of T Og is contained in the category FOg(K) (1) of effective objects of level ≤ 1 (see Definition 1.4.4). After Theorem 3.3.5 it is clear that the Ogus realization of pure 1-motives in M 1,Q is semi-simple. However, the characterization of the essential image is an open question (unless we are in the case of Artin motives, cf. [20] ). which is a left adjoint to the inclusion. Thus, associated to any algebraic K-scheme X, we get a complex of 1-motives LAlb Q (X) ∈ D b (M 1,Q ). Whence, by taking i-th homology, we get L i Alb Q (X) K ∈ M 1,Q which, most likely, is the geometric avatar of level ≤ 1 Ogus i-th homology of X, i.e., the Ogus realization T Og (L i Alb Q (X)) ∈ FOg(K) (1) is the largest quotient of level ≤ 1 of the i-th Ogus homology of X, according with the framework of Deligne's conjecture (see [6, §14] and compare with [2, Conj. C]). This is actually the case for the underlying Kvector spaces by the corresponding result for the mixed realization but Ogus realization (see [6, Thm. 16.3 
.1]).
Notation. We here denote by K a number field. For any finite place v of K, i.e., any prime ideal of the ring of integers O K of K, we let K v be the completion of K with respect to the valuation v and O Kv its ring of integers. Let p v be the unique maximal ideal of O Kv , k v the residue field of O Kv , p v its characteristic and
If v is unramified, we let σ v be the canonical Frobenius map on K v and σ v will also denote the Frobenius maps on O Kv and on k v .
Ogus categories
1.1. The plain Ogus category Og(K). As in [1, §7.1.5] let Og(K) be the Q-linear abelian category whose objects are finite dimensional K-vector spaces V such that the v-adic completion V v = V ⊗ K K v is equipped for almost every unramified place v of K, of a bijective semilinear endomorphism F v , i.e., for any α ∈ K v , x, y ∈ V v we have
To give a more precise definition of the above category we have to present it as a 2-colimit category. Let P denote the set of unramified places of K. For any cofinite subset P ′ of P, let C P ′ denote the Q-linear category whose objects are of the type
Morphisms are morphisms of vector spaces (on K and on K v ) which respect the given structures (F v and g v ). Clearly, for any cofinite subset P ′′ of P ′ , we have a canonical restriction functor i P ′ ,P ′′ : C P ′ → C P ′′ which simply forgets the data for v ∈ P ′ P ′′ .
be the 2-colimit category. If V 1 ∈ C P 1 and V 2 ∈ C P 2 then
Remark. Given a positive integer n we denote by P n ⊂ P the subset of places v such that n is invertible in O Kv . Since any cofinite subset P ′ in P contains P n , for any n divisible by p v with v ∈ P P ′ , we may equivalently get Og(K) as 2 -lim − →n C Pn . [11, II, §2 .0] is a K v -vector space H together with a K v -linear endomorphism ψ such that the eigenvalues of ψ are Weil numbers of weight i relative to k v . Namely, they are algebraic numbers such that they and all their conjugates have archimedean absolute value equal to p inv/2 v . In particular, ψ is an isomorphism. The trivial space H = 0 is assumed to be a pure F -K v -isocrystal of any weight. We say that (H, ψ) is a mixed F -K v -isocrystal with integral weights relative to k v if it admits a finite increasing K v -filtration
For a given
1.2.1. Lemma. Let H be a K v -vector space and ψ : H → H an endomorphism. The following are equivalent:
(ii) All eigenvalues of ψ are Weil numbers of integral weight relative to k v . (iii) H has a unique decomposition ⊕ n i=m+1 H i by ψ-stable vector subspaces so that (ii) ⇒ (iii). If all eigenvalues of ψ are in K v , then H is the direct sum of its generalized eigenspaces. Let H i be the direct sum of generalized eigenspaces associated to eigenvalues of weight i. Then (H i , ψ |H i ) is a pure F -K v -isocrystal of weight i and H = ⊕ i H i . In the general case, let L/K v be a finite Galois extension containing all the eigenvalues of ψ and let k L be its residue field. 
is another decomposition as in (iii). In order to prove that H ′ i = H i we may assume L = K v . Now H i is sum of the generalized eigenspaces associated to eigenvalues of weight i. Since the eigenvalues of
H i be a decomposition as in (iii) and set W m H = 0 and
One proves recursively that the eigenvalues of ψ |W ′ i H have weights ≤ i. In particular, the image of
The reverse inclusion is proved analogously.
It follows from the lemma above that any morphism of F -K v -isocrystals respects the decompositions in pure F -K v -isocrystals, thus the filtrations.
1.3. The enriched Ogus category FOg(K). We say that an object V of Og(K) is pure of weight i if for almost all unramified places v the K v -vector space V v and the
Definition. Let FOg(K) be the category whose objects are objects V in Og(K) endowed with an increasing finite exhaustive filtration
Morphisms in FOg(K) actually respect the filtration by the following:
1.3.2. Lemma. With the notation above we have the following properties.
(1) Given an object V of Og(K) there is at most one filtration
in Og(K) respects the filtration and is strict.
(4) Given an object (V, W · V) of FOg(K) for almost all v we have that V v has a unique decomposition as a direct sum of pure F -K v -isocrystal of different weights.
Proof. (1) and (4) follow from Lemma 1.2.1. Since the morphisms between pure F -K v -isocrystals of different weights are trivial, it follows that morphisms between mixed F -K v -isocrystal with integral weights respect the filtrations and are strict. Using the
is faithfully flat, we get (2). Assertion (3) follows easily from (2).
Note that for (V, W · V) ∈ FOg(K) and an integer n ∈ Z we have that
is pure of weight i (cf. Definition 1.1.1).
The weight filtration on FOg(K). Consider the Serre subcategories
Recall that a filtration of an abelian category by Serre subcategories is a weight filtration (in the sense of [6, Def. D.1.14]) if it is separated, exhaustive and split, i.e., all the inclusion functors ι n have exact right adjoints.
Proof. In fact, the filtration is clearly separated, i.e., ∩FOg(K) ≤n = 0, and exhaus-
We have that
Note that these categories FOg(K) i are not necessarily semi-simple.
We may introduce a notion of effectivity following [1, 7.4.2] or [6, 17.4.4 ].
Similarly define FOg(K) eff ⊂ FOg(K) as the full subcategory given by objects
Moreover, we say that an object (V, W · V) of FOg(K) is e-effective if the eigenvalues of F nv v on V v are algebraic integers for almost all v.
According with [6, Def. 14. Also this category can be better described as a 2-colimit category. Recall that, given a positive integer n, P n denotes the subset of P consisting of those v such that n is invertible in O Kv (see Remark 1.1.2). Let L Pn be the category whose objects are of the type V, L, (
A morphism in L Pn is the data of a homomorphism of lattices (and by K-linearization of vector spaces) which respects the given ♭ F v for all v. We then define
Note that there is a functor (see also [1, 7.4 .2])
By Remarks 1.4.3 (a) and 1.1.2 there exists a positive integer n such that P n ⊂ P ′ and the image under
Note that a different choice of a lattice of V will provide the same lattice over O K [1/n] for n sufficiently divisible and hence the functor is well defined. Furthermore, remark that the functor Ψ is not full (cf. Remark 3.3.7). 
Logarithms and universal extensions
and for any x ∈ Lie(G) write e εx for the corresponding element in
, be the subalgebra generated by the elementary symmetric polynomials in ε i . Observe that ς p = 0, ςπ = 0 and π 2 = 0. Then e ε 1 x e ε 2 x · · · e εpx makes sense as element in 
Let e πy be the image of e ε 1 x e ε 2 x · · · e εpx via this map. We further have that e πy is mapped to the unit section via the map
endows Lie(G) with a structure of Lie p-algebra over k (see [13, 
for λ ∈ k and x, y ∈ Lie(G). Up to the usual identification of Lie(G) with the invariant derivations of G, the pth power operation maps a derivation
Let σ denote the Frobenius map on k. For the sake of exposition we provide a proof of the following well known fact (cf. [14, Exp. VII A §4]).
2.1.1. Lemma. Let G be a commutative algebraic k-group. Then the pth power operation (2.1) is a σ-semilinear map and coincides with the map on Lie algebras associated to the Verschiebung Ver G :
Proof. The first claim is obvious. 
(The separatedness hypothesis in loc. cit. can be ignored since W (k) is local.) Consider the canonical homomomorphism of groups
induced by the closed immersion Spec(k) → Spec(W (k)). Note that as k is a finite field, the k-valued points G(k) of G form a finite, and hence torsion, group. In particular, if we denote Γ the kernel of ρ in (2.2), we obtain an isomorphism of Q-vector spaces
Assume from now on that G is a smooth and commutative W (k)-group scheme and let G n be the base change of G to S n = Spec(W n (k)); in particular G 1 denotes the special fiber of G. Let J be the ideal sheaf of the unit section of G n and recall that O Gn /J N is a finite and free W n (k)-module for any N > 0. Hence
is a coalgebra with a W n (k)-algebra structure induced by the group structure on G n . The flatness of D over W n (k) ensures that the PD-structure on pW n (k) extends uniquely to a PD-structure (γ m ) on pD and hence there exist two mutually inverse maps 
commute. The vertical arrow on the left can also be written as an isomorphism
Finally, taking the limit over n, one gets the exponential isomorphism for G 
obtained by composing (2.3) with log G ⊗id Q and recalling that pLie(
, one gets that exp(f b )(Z) = b and hence, up to the obvious identifications, we may consider exp Ga and log Ga as the identity maps on W n (k). Finally Lie Ga,Q is the identity of K 0 , up to the usual identifications of G(W (k)) and Lie(G a ) with W (k), i.e., log Ga,Q :
, and D is as in (a) as a co-algebra (with
m /m! and exp Gm,n (1 + bε) = m≥0 b m /m!. Hence, up to the obvious identifications, exp Gm is the exponential map pW (k) → 1+pW (k) and log Gm is the usual p-adic logarithm. Finally the isomorphism log Gm,Q :
where x p nv v −1 = 1 + y, y ∈ pW (k).
2.2.3.
Remark. Note that for any W n (k)-scheme T , one can define a functorial (in T and G) isomorphism exp G,n : pLie(G)(T ) ≃ −→ Ker(G(T ) → G(T 0 )) where T 0 is the reduction of T modulo p and Lie(G) is the Lie algebra scheme of G (see [3, §5.2] ). In particular any map exp G,n (and thus exp G ) behaves well with respect to finite unramified extension of W (k). Further, for any finite Galois extension k ′ /k the map log G,Q in Definition 2.2.1 can be obtained by descent from the analogous isomorphism over W (k ′ ).
Let u : L → G be a morphism of W (k)-group schemes where L = Z r and G is a smooth and commutative W (k)-group scheme with connected fibers. Define δ u as the K 0 -linear extension of the composition
schemes where L is a lattice (i.e., isomorphic to Z r over some finite unramified extension of W (k)) and G is a smooth, connected and commutative W (k)-group scheme. Then there is a unique morphism of K 0 -vector spaces
which is functorial in u and in W (k) and agrees with the one in (2.5) for L constant. Moreover, if u is given by the obvious inclusion id ⊗ 1 :
Proof. It follows by Remark 2.2.3. The last assertion follows from the fact that, up to the usual identifications, log Ga,Q in Definition 2.2.1 is the identity map as computed in Example 2.2.2 (a).
Remark. For any formal W (k)-group scheme G = lim
← −n G n where G n is a smooth commutative group scheme of finite type over W n (k), one can define in a similar way the logarithm log G,Q :
This construction is again functorial, i.e., given a morphism g = lim ← −n g n : G → H then
Further, log G,Q in Definition 2.2.1 equals log G,Q with G the p-adic completion of G. As in Lemma 2.2.4, given a lattice L over W (k) with base change L n to W n (k) and a compatible system of morphisms of W n (k)-group schemes {u n :
2.3. Universal extensions. Let M 1 (S) be the category of (Deligne) 1-motives over a scheme S (cf. [6, §1.2 & App. C]). If S = Spec(K), let M 1,Q denote the Q-linear category of 1-motives up to isogenies over K, i.e., the category whose objects are Spec(K) ) and whose morphisms are given by
See [6, Prop. 1.2.6] for a proof that M 1,Q is an abelian category. A morphism (h −1 , h 0 ) in M 1 becomes an isomorphism in M 1,Q if and only if it is an isogeny, i.e., h −1 is injective with finite cokernel and h 0 is an isogeny (see [6, Lemma 1.2.7] ). Recall that the canonical weight filtration of 1-motives yields a weight filtration on M 1,Q (see [6, Prop. 14.2.1]). We let A K be the maximal abelian quotient of G K and let
Let M 0,Q be the abelian category of Artin motives identified with the full subcategory of M 1,Q whose objects are of the type [L K → 0], i.e., 1-motives which are pure of weight zero.
Let M a,l 1 be the larger category of generalized 1-motives with additive factors over K whose objects are two terms complexes (in degree -1, 0)
where L K is a a lattice, E K is a commutative connected algebraic K-group and u K is a morphism of algebraic K-groups. Note that M a,l 1 is a full subcategory of the category M a 1 considered in [4, §1] .
Recall (e.g. see [2, §2] ) that there exists the universal G a -extension of M which we denote by
It is an extension of M by a vector group V(M) such that the homomorphism of pushout 
It is easy to check that V(M) has to be the vector group associated to Ext(M, G a ) ∨ . Furthermore V(M) is canonically isomorphic to the vector group associated to the sheaf ω G * of invariant differentials of the semiabelian scheme G * Cartier dual of M ab . We have a push-out diagram 
which is a section of Lie(τ ) ⊗ id K 0 with τ as in (2.6). We will show next that these K 0 -vector spaces are endowed with a structure of an F -K 0 -isocrystal and that δ u ♮ commutes with the Frobenius, see Lemma 3.3.1. Any algebraic K-group G K thus admits a model G which is a group scheme of finite presentation over S = Spec(O K [1/n]), for n sufficiently divisible, and G is essentially unique. Note that G may be assumed to be smooth, see [17, IV, Proposition 17.7.8(ii)]. Let G O Kv denote the base change of G to O Kv , when it makes sense, and let G kv be its special fiber.
A morphism of algebraic K-groups f K : G K → G ′ K extends to an S-morphism of schemes between the models (see [17, IV, 8 .8.1.1 p. 28]). Up to inverting finitely many primes, one can assume that this is indeed a morphism of S-group schemes.
Let GCC(K) be the category of commutative connected algebraic K-groups and GCC(K) Q its localization at the class of isogenies. One can define a functor
which associates to any commutative connected algebraic K-group G K the object in We have:
Proof. The difficult part in the proof is the fullness. See [9, Thm. 2.3 & Cor. 2.6] and [10] for details. On the other hand, the proof of the faithfulness is immediate.
Now consider a 1-motive M K over K and models M over S = Spec(O K [1/n]), i.e., 1-motives M over S such that the base change to K is isomorphic to M K , for n sufficiently divisible. We have:
for n sufficiently divisible. This model is essentially unique, i.e., any two such models are isomorphic over a Spec(O K [1/m]) with n|m.
Proof. Let T K be the maximal torus in G K and let A K be the maximal abelian quotient of G K . Let T be the model of T K over S. We may assume that it is a torus. Indeed T K becomes split over a finite Galois extension K ′ of K and, up to enlarging n, we may assume that
. Now, T is a torus since its base change to S ′ is a split torus by the essential unicity of the model. Further, by Cartier duality, the group of characters of any torus over K admits a model over an S which is étale locally a split lattice of fixed rank. In particular L K extends to such a model L over S. On the other side, we may assume that the model A of A K is an abelian scheme over S Clearly u K extends uniquely to a morphism u : L → G. It remains to check that up to enlarging n, u factors through the open subscheme G = G 0 of G. Since the formation of lft Néron models is compatible with étale base change we may assume that T is a split torus over S and L ≃ Z r . Fix a basis of Z r and let e i : S → Z r , i = 1, . . . , r, denote the corresponding morphisms. It is sufficient to check that up to enlarging n each map u • e i (which corresponds to a K-rational point of G K ) factors through G. This follows from [17, IV, 8.8.1.1]. 
The Ogus realization. For a 1-motive
M K = [u K : L K → G K ] over K consider its model M = [u : L → G] over a S = Spec(O K [1/n]) given in
Consider a model
In this way, we have associated to
The usual weight filtration on 1-motives induces a weight filtration W · V on V in Og(K).
We shall denote Recall that a functor between abelian categories with a weight filtration respects the splittings (in the sense of [6, Def. D.2.2]) if it takes pure objects to pure objects of the same weight.
3.2.3.
Proposition. There is a functor 
3.2.4. Definition. The Bost-Ogus realization
where Ψ is the functor defined in (1.1).
) and the morphism τ in (2.6). For every unramified place v in (kv) ). Now, the construction is compatible with the truncation maps. Hence the morphisms V ♮ n , n ≥ 1, provide a morphism V ♮ of complexes of formal schemes over
Note that since the Verschiebung on L kv can be identified with the multiplication by p v , the morphism (
By the functoriality of (the formal) δ v in Remark 2.2.5 we then get a commutative diagram
Since the upper (respectively, lower) horizontal arrow defines the Frobenius
, the result follows.
3.3.2.
Lemma. The functor T Og is faithful.
Proof. Let ϕ : M K → N K be a morphism of 1-motives such that T Og (ϕ) = 0. In particular T dR (ϕ) = 0. Then nϕ = 0 for a suitable n. Indeed, let ϕ C be the base change of ϕ to C. Proof. First consider two 1-motives
. Write e 1 , . . . , e r for the standard basis of Z r and similarly for Z s . We use the same letters for the induced bases on the de Rham realizations. Any morphism ψ :
Observe that c ij ∈ O[1/n] for n sufficiently divisible and hence C ∈ M s,r (O Kv ) for v ∈ P n . If ψ is a morphism in Og(K), the compatibility with the
Now σ v (c ij ) = c ij for all v ∈ P n , is equivalent to c pv ij ≡ c ij (mod p v ) for all v ∈ P n . We conclude by Kronecker's theorem that c ij ∈ Q; hence C ∈ M s,r (Q). Let m be the a positive integer such that mC ∈ M s,r (Z). Then mψ = Lie(ϕ ⊗ id) with ϕ ∈ Hom(M K , N K ) ≃ M s,r (Z) the homomorphism which maps e j to i mc ij e i in degree −1.
We conclude the proof of the fullness by Galois descent 
Denote by the same letter also the associated morphism of vector groups
Let us denote by ζ both an element in Gal(K ′ /K) and the induced morphism on 1-motives. In order to check that ϕ K ′ descends to K, it suffices to check that ζ • ϕ K ′ = ϕ K ′ • ζ. Since we work over fields of characteristic 0, the morphism ι F :
This concludes the proof. Note that, in general, we have several K-linear homomorphisms T dR (M K ) → T dR (N K ) that preserve the filtration and commute with the F v 's on the graded pieces of the filtration but do not arise from morphisms of 1-motives (even up to isogeny). For example, take a = 1 and b = 2 and the identity map on K ⊕ K. This example shows that knowing fullness for the pure weight parts is not enough to deduce the Theorem 3.3.5.
For general a, b ∈ K * , knowing 3.3.7. Remark. If we work with BOg(K) and even with the filtered analogue, it is not true that the functor T BOg is full on 1-motives, in general. For example, take M = Z [1] and note that End M 1,Q (M) = Q while End BOg(K) (T BOg (M)) = K.
